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Abstract: 

 In this paper idea of fuzzy detour ss- distance  which is a fuzzy metric,in a fuzzy graph is introduced.Based on this metric the 

concepts of fuzzydetour ss-eccentricity, fuzzy detour ss-radius, fuzzy detour ss-diameter are studied. Some properties of ss-

eccentric nodes,ss-peripheral nodes and ss-central nodes are obtained.A characterization of self centered are established.we 
obtained that fuzzy trees are the only fuzzy ss-detour graph. 
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1.INTRODUCTION    

The remarkable concept fuzzy graph theory was introduced by 

Rosenfield in 1975. During this time Yeh and Bang developed 

many concepts of fuzzy graph. μ- distance in fuzzy graph 

theory  was introduced by Rosenfeld. He also defined many 

graph theoretical concepts  including paths, connectedness, cut 
nodes ,clique, bridge, trees and forest. Bhutani and Rosenfeld 

introduced strong arcs and strong path and g-distance in fuzzy 

graph.Based on μ-distance Sunitha and Vijayakumar 

developed the concepts of eccentricity and centre in fuzzy 

graphs. Fuzzy planer graph was introduced by Abdul Jabbar et 

al. Tarashankar defined Interval valued fuzzy planar graph and 

interval valued fuzzy dual graph. Akram introduced the 

concepts of bipolar fuzzy graph and interval valued fuzzy 

number. Linda and Sunitha introduced the concepts of g-

peripheral nodes, g-boundary nodes,and g-interior nodes based 

on g-distance. The concepts of fuzzy detour . μ- distance was 

introduced by Nagoorgani and Umamaheswari. Linda and 

Sunitha introduced fuzzy detour g-distance. The author further  

defined g-boundary nodes and fuzzy detour g-interior nodes in 

fuzzy graph. The concept of strong sum distance was 

introduced by Minitom and M.S.Sunitha. Based on this 

concepts, they introduced boundary and interior nodes in a 

fuzzy graph. In this paper, we intoduce the concepts of fuzzy 

detour ss distance. 

Section2  contains quick review of the basic definition in 

fuzzy graph theory which is used in this paper. In section 
3,Fuzzy detour ss-distance is defined and we proved that it is 

ametric. Based on this Fuzzy detour ss-distance ,ss-

eccentricity, ss-radius, ss-diameter, ss-center in Fuzzy graphs 

are defined and  we proved that fuzzy detour SS-centre lie in a 

single block of G. Necessay conditions for a fuzzy graph to be 

self centered are obtained. Also we showed by an example 

unique eccentric node of fuzzy graph with each node eccentric 

need not be self centered. In section 4, we discussed about 

fuzzy detour SS-distance in fuzzy tree. Necessary and 

sufficient condition for fuzzy graph to be fuzzy tree is 

obtained. Sufficient condition for a fuzzy cycle to be self 

centered is given in section 5. 
 

2. PRELIMINARIES 

DEFINITION 2.1: 

Let V be  any  non  empty   finite  set . Then  fuzzy  graph   is 

denoted by G:(V,σ,μ) where σ  is a fuzzy subset of V and μ is 

a fuzzy relation on σ such that  μ(u,v) ≤ σ(u )⋀ σ(v) for 
every u,vϵV. It is assumed that μ  is reflexive and 
symmetric. In all the examples σ is chosen suitably. 
 
DEFINITION 2.2: 

 

Underlying crisp graph is denoted by G*:(σ*,μ*)where σ*is the 

set of  all u∈G such that σ(u)>0 and μ* is the set of all (u,v)ϵ 

V× V such that μ(u,v)>0.It is assumed that  σ*=V. 

   

DEFINITION 2.3: 

 

A fuzzy graph H:(V,τ,γ) is called Partial fuzzy graph of 

G:(V,σ,μ) if τ(u)≤σ(u)∀u∈τ* and γ(u,v)=μ(u,v)∀(u,v)∈γ* and if 
in addition τ*= σ*,then H is called  a spanning fuzzy sub graph 

of G. 

 

DEFINITION 2.4: 

 

An arc in G:(V,σ,μ) is called weakest arc if it has least 

membership value.A path P of length n is a sequence of 

distinct nodes u0,u1,…un  such that μ(ui-1, ui)>0 i=1,2,3,…n 

and strength of the path is the degree of  membership of  a 

weakest arc in the path. If u0= un and n≥3 then P is called a 
cycle and cycle P is called fuzzy cycle if it contains more than 

one weakest arc. 

 

DEFINITION 2.5: 

 

A  fuzzy graph G:(V,σ,μ) is a complete fuzzy graph if 

μ(u,v)=σ(u)⋀ σ(v),∀ u,vϵ σ*. 

 

DEFINITION 2.6: 

 
Let G:(V,σ,μ)  be a fuzzy graph.The strength of connectedness 

between two nodes x and y is defined as the maximum of the 

strength of all paths between x and y and it is denoted by 

CONNG(x,y). A fuzzy graph G:(V,σ,μ)  is called if for every 

x,y in σ* , CONNG(x,y)>0. 

 

DEFINITION 2.7: 

 

An arc of a fuzzy graph G:(V,σ,μ)  is called strong if its weight 
is atleast as great as the strength of connectedness of its end 
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nodes when it is deleted. An  u-v path P is called strong path if 
P contains only strong arcs. 

 

DEFINITION 2.8: 

 

A fuzzy cut nodes w is a node in G whose removal from G 

reduces the strength of connectedness between some pair of 

nodes other than w. 

 

DEFINITION 2.9: 

 

A fuzzy graph G is said to be a block if it is connected and has 
no cutnodes. 

 

Through this ,we assume that G is connected. 

 

DEFINITION 2.10 

 

Let G:(V,σ,μ) be connected fuzzy graph and P:u0- u1-… un 

be any path in G.Then length of any path P is defined by 

L(P)=  ( 
       ,  ). If n= 0, define L(P)=0 and for n  ,

  ( )>0.Also, if G is disconnected then L(P) may be Zero. For 

any two nodes u,v in G,the strong sum distance between u and 
v is defined as dSS(u,v)=Min{L(P): P is strong u-v path} 

 

3.DETOUR SS-DISTANCE IN FUZZY GRAPH  

 

 Strong sum distance in fuzzy graph was introduced byMini 

Tom and M.S.Sunitha[15].Now we define detour strong sum 

distance in fuzzy graph 

 

DEFINITION 3.1: 

 

Let G:(V,σ,μ) be connected fuzzy graph and P:u0- u1-… un 
be any path in G.Then length of any path P is defined by 

L(P)=  ( 
       ,  )If n= 0 define L(P)=0 and for n  ,

  ( )>0.Also if G is disconnected then L(P) may be Zero.The 

detour ss-distance u and v is defined by Dss(u,v)=Max{L(P):P 

is any u-v strong Path of G}. 

 

REMARK 3.2 : 

 

If μ(u,v)=1 for every u,v∈μ* then DSS(u,v) is the length of the 
longest  path as in crisp graph. 
 
EXAMPLE 3.3: 
 

 
FIGURE 1:fuzzy graph 

 

Dss(u,v)=2,Dss(u,y)=0.8,Dss(u,x)=2,Dss(u,w)=2.3, 

Dss(v,x)=1,Dss(v,y)=1.2,Dss(v,w)=1.3,Dss(x,w)=1   

Dss(x,y)=1.2, Dss(w,y)=1.5 

 

PROPOSITION 3.4:  
 

If u and v are any two nodes in a connected fuzzy graph 

G:(V,σ,μ).Then 0≤dss(u,v)≤Dss(u,v)<∞. 

 

THEOREM 3.5: 

 

In a Fuzzy connected graph, G:(V,σ,μ) Dss:V×V→[0,1] is a 

metric on V. 

ie, for every u,v,w∈V 

               (i) Dss(u,v) 0, 

               (ii) Dss(u,v)=1 iff u=v 

               (iii) Dss(u,v) = Dss(v,u ), 

               (iv) Dss(u,w)≤ Dss(u,v)+ Dss(v,w), 
 

Proof: 

 

By definition, we can easily verify that (i) and (ii).Since 

reversal of a path from u to v is a path from v to u and vice 

versa, Dss(u,v) = Dss(v,u ). 

Let P be a Fuzzy strong detour in G. Then Dss(u,v) = L(P). 

Suppose w lies on P. Let P1 be a u-w sub path of P and P2 be 

the v-w sub path of P. Then Dss(u,w) L(P1) and Dss(v,w)  

L(P2). Therefore we conclude that Dss(u,v) =L(P)= L(P1)+ 

L(P2) ≤ Dss(u,w) + Dss(v,w).So we proved (iv) for this case. 
Suppose w does not lies on P.Let Q be the shortest path w to 

a node of P. Let x be a node on P such that  Q be the w-x 

geodesic such that no other node of Q lies on P.Let P’ and P’’ 
be the u-v and v-w sub path respectively. Then Dss(u,w)   
L(P’)+L(Q) and Dss(v,w)   L(P’’)+L(Q).  

So Dss(u,v)= L(P)=L(P’)+ L(P’’)< L(P’)+L(Q)+ L(P’’) + L(Q)         

≤  Dss(u,w)+ Dss(v,w).Hence Proved. 
 

DEFINITION 3.6: 

 

Let G:(V,σ,μ) be Fuzzy connected graph. Then Fuzzy detour 

ss-eccentricity     
( )  of a node    ∈ V is the fuzzy detour 

ss distance from   to a node farthest from  .Let u* 

 denote set of all Fuzzy detour ss eccentric node  of u. 

 

DEFINITION 3.7: 

 

Let G:(V,σ,μ) be Fuzzy connected graph. Then Fuzzy detour 

ss radius of G,      
( )  is the minimium fuzzy detour ss 

eccentricity among the nodes of G. 

ie,     
( )   min {    

( )  :  ∈V}. 

  

Let      
( )  be the collection of vertices of G such that it’s 

eccentricity is equal to      
( ). A node    is a ss-central 

node of G if     
( )  =    

( ) .      
( )   is the set of all 

central node of G. 

 

DEFINITION 3.8: 

 

Let G:(V,σ,μ) be Fuzzy connected graph. A Fuzzy subgraph 

induced by     
( )   is denoted by <    

( )>=H:(V,τ,γ) is 

called centre of G. 

 

A connected Fuzzy graph G is self centered if each node is a 

central node.ie, G≅H.  
 

DEFINITION 3.9: 

 

Let G:(V,σ,μ) be Fuzzy connected graph. A Fuzzy detour ss 

diameter of G is the maximum eccentricity of the nodes and 

it is denoted by     
( ). 

ie,     
( ) =max {    

( )  /  ∈   . 
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A node   is called peripheral node if     
( )      

( ). 
 

EXAMPLE 3.10: 

 

Consider the fuzzy graph given in Figure1. Here, 

    
 (u)=2.3,       

 (v)=2,       
 (w)=2.3,       

 (x)=2,  

     
 (y)=1.5,     

( )   . ,     
( )   . ,     

( )={y} 

y*={x}, u and w are peripheral node of G. 

 

THEOREM 3.11: 

 

Let G:(V,σ,μ) be Fuzzy connected graph. 

Then     
( ) ≤     

( ) ≤       
( ). 

 
Proof: 
    

( ) ≤     
( ) follows from the definition.Now we 

have to show that      
( ) ≤       

( ). Let u,v be two 

nodes such that Dss(u,v)=      
( ). Let w be a fuzzy detour 

ss-central node of G. Hence, the fuzzy detour ss distance 

between w and any other node of G is atleast     
( ). By 

triangle inequality      
( )= Dss(u,v)≤ Dss(u,w)+ Dss(w,v) 

≤    
( )      

( )       
( ). Hence, Proved. 

 
THEOREM 3.12: 

 
A fuzzy detour ss-centre,      

( ) of every connected fuzzy 

graph G:(V,σ,μ)  lie in a single blpck of G. 

 

Proof:  

 

Suppose G has only one central vertex,then the theorem is 

true for this case. Assume, G has more than one cetral 

vertex. we can prove this theorem by contradiction method. 

Let u and v are two central vertices of G such that there exist 
cut vertex w which lies on every Fuzzy ss-detour of u and 

v.So w is a cut vertex of G*.Let H and K be any two 

components of G* -{w} such that u∈H and v∈K.Let P be the 

detour path of u-v, P1be a sub path u-w of P and P2 be the  

sub path w-v of P.Let x be the ss-eccentric vertex of w and 

P3 be the  detour path of w-x.That is L(P3)= Dss(w,x). At 

least one of P1 and P2 has no vertex in common of P3. 

P3followed by P2 gives the path of v and x. Therefore 

Dss(v,x)  L(P2)+ L(P3). Since     
 (v) Dss(v,x),     

v)   

L(P2)+L(P3)     
(w)+L(P3). so     

(v)      
(w). which is a 

contradiction to v is a central vertex of G.Therefore u and v 

lie on a single block of G. 

 

COROLLARY 3.13: 

Let G:(V,σ,μ) be Fuzzy connected graph.Then every fuzzy 

detour ss- central node are not a cut node  of G. 

 

Proof: 

Let v be vertex of G such that     
(v)=     

( ).Then v is a 

central vertex of G. v∈    
( ) .Since every vertex of 

    
( )  lies on  a single block of G. This block contain no 

cut vertex of G.So v cannot be a cut vertex of G. 

 

THEOREM 3.14: 

A Fuzzy connected graph G:(V,σ,μ) is a fuzzy detour ss- self 

centered  fuzzy graph.Then each node of G is fuzzy detour 

eccentric node. 

Proof: 

 

Suppose G:(V, σ,μ) is a fuzzy detour self centered fuzzy 

graph.Let v be any node of G and uϵv* be any node.Then 

    
(v)= Dss(u,v).Since G is a detour self centered fuzzy 

graph,     
(u) =    

(v).Therefore     
(u)= Dss(u,v).  So vϵu*  

Therefore, each node v is a fuzzy eccentric node of G. 

 

REMARK 3.15: 

 

The converse  of the above theorem need not be true. 

. 

Proof: 

 

For example in figure 2, 

 

 

 

 
 

 

 

 

 

 

 

 

     
 (u)=1.5,     

 (v)=1.5,     
 (w) =1.3 and     

 (x) =1.3 

Here u*={v},v*={u}, w*={x,u} and x*= {w,u}. So every             

vertex are eccentric. But the graph is not a self centered detour 

graph 

 

THEOREM 3.16: 

 

If G:(V,σ,μ) is a  self centered fuzzy graph.Then for every pair 

of nodes u,vϵG, uϵv* implies v∈u* where u* is a set of all 

eccentric nodes of u and v* is set of all eccentric nodes  of v. 

 

Proof: 

 

Let G:( V,σ,μ) be a fuzzy graph and u,v be two nodes of G. 

 suppose uϵv*. so     
 (u) = Dss(u,v). Now required to prove 

that v∈u*.Since G is sef centered      
 (u) =       

 (v) = 

Dss(u,v). so v is an eccentric vertex of u. Therefore v∈u*. 

 

REMARK 3.17: 

 

Converse of the above theorem need not be true for every 

fuzzy graph. 

 

Proof: 

 

Consider the graph in Figure:3 
 

 

 

 

 

 

 

 

FIGURE:3 Fuzzy Graph which is not self  centered 

 

                            u          o.3            v 

 

 

                       0.5        0.3                   0.5 

                        

 

                          x            0.5              w 

 

FIGURE:2 fuzzy graph with all the points  are  eccentric 

            u            0.2           v      

 

            0.4    0.4          0.5      0.4 

   

 

                  x          0.2        w  
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u*={w},v*={x},w*={u},x*={v}. 

Also     
( )=1.4,     

( )  1.3.so the graph is not self 

centered. 

THEOREM 3.12: 

 

Let   and b be any two real number belongs to [0,1]such that 

 ≤b≤2   ,Then there exist a connected fuzzy graph G with 

    
( )=   and      

( )  b. 

 

Proof: 

 

Consider the Fuzzy graph in Figure 4. 

 

 

 

 

 

  
 

FIGURE 4: fuzzy graph with     
( )=   and      

( )  b 

 
Let m+n=b and 2m=  ,then solution of this equation gives the 

value of m and n. So     
( )= 2m =   ,      

( )= m+n= b. 

 
EXAMPLE 3.13: 
 Suppose we take   =0.4 and b=0.5. Consider fuzzy graph 
given in Figure 5. 

 
 
 
 
 
FIGURE 5: fuzzy graph with     

( )= .   ,     
( )  0.5 

 

 In this graph     
( ) =0.4,      

( ) =0.5. 

 

4.FUZZY DETOUR SS-DISTANCE IN FUZZY TREE 

 

Here we establish relation between strong sum distance and 

Fuzzy detour ss- distance in case of Fuzzy tree in the 

following theorem. 

 

THEOREM 4.1: 
 

A connected fuzzy graph G:(V,σ,μ) is  a  fuzzy tree if and only 

if  G is a fuzzy ss-detour graph  

 

Proof: 

Suppose G is a Fuzzy tree.then there exist a unique strong path 

between every pair of nodes in G. Hence dss(u,v)= Dss(u,v) for 

every u,v∈V.Therefore G is a fuzzy ss-detour graph.  

 

Conversely, assume G is fuzzy ss detour graph on n nodes.ie, 

dss(u,v)= Dss(u,v) for every u,v∈V. If n=2 then the result is 

trivial and G is a fuzzy tree.So let n 3.Assume on the 

contrary that G is not a fuzzy tree There exist a two nodes x,y 

∈ V such that  x and y has more than one strong path from 
x to y.Let Pand Q two x-y strong path .Then union of P and 
Q contain atleast one cycle  c in G. Cycle c contain atleast 
two pair of adjacent nodes  u and v such that  dss(u,v)  < 
Dss(u,v) . Then G is not fuzzy ss-detour graph, which is a 
contradiction. Therefore G is a tree. 
 

REMARK 4.5: 
 

A Fuzzy cycle need not be  self centered based on fuzzy 

detour ss –distance. 

 

 

 

 

 

 

 

 

 

FIGURE 6:Fuzzy cycle which is not self centered 

 

In Figure 6,     
( )=1.1  and      

( )=1.4,therefore G  is not 

self centered. 

 

 

5. SELF CENTERED FUZZY CYCLE 

 

Using the concept of μ-eccentric node in[] Sunitha and 

Vijayakumar has proved the sufficient condition for a fuzzy 

graph G such that G* is cycle .In this section, sufficient 

condition for a cycle to be self centered based on the fuzzy 

detour ss-distance is discussed. 

 

THEOREM 5.1: 

 

Let G:(V,σ,μ) be a fuzzy graph with n nodes such that 

G*≅Cn,cycle on n nodes with arcs ei=(ui,ui+1) i=1,2,...n-1. ,      

en=( un,u1)  and n is even. Let  0<t<s≤1.Then G is self 

centered if either (i) μ(ei) =t for i=1,3,5..n-1,μ(ei)= s for 

i=2,4,…n-2and  μ(en)= s or (ii) μ(ei)= s  for i=1,3,5..n-1                                

μ(ei)= t for i=2,4,…n-2,  μ(en)= t..Also    
( )= 

 

 
(   )     

 

Illustration. 5.2: 

 

Take t=0.2 and s=0.5 Figure 7,8 illustrates the above  theorem. 

Also     
(C6)=1.9 and     

(C8) = 2.6 

          
               

 

 

 

 

 

 

     FIGURE:7  Fuzzy cycle C6 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

                   m                m 

 

 

                                n               

 

                     0.2                  0.2 
 

                                  0.3    

    . 

                  u        0.1          v 

                           0.2               

              0.4                                      w 

                                    

                                                  0.3 

                 x           0.5             y 

                                                                            

                       u1         0.2        u2 
              0.5                                    0.5 

                                                             u3 

             u6                                           

                0.2                                 0.2 

                        u5       0.5       u4                                                   

 
                                          u1 

                                                 0.2             0.5 

                          u8                                               u2 

                     0.5                                      0.2 

 

                  u7                                              u3 

 

                  0.2                                          0.5   

                     u6                                        u4 

                     

                           0.5                      0.2 

                                          u5 

FIGURE: 8 Fuzzy cycle C8 
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CONCLUSION: 
 

In this paper, we introduced the fuzzy detour ss-distance, fuzzy 

detour ss-eccentricity anf fuzzy detor ss-centre of some graph. 

Also for each pair  ,b belongs to (0,1] with  ≤  ≤   , there 

exist a connected fuzzy graph G with     
( ) =   and 

     
( )  b.We established that fuzzy trees are the only fuzzy 

detour graph under ss- distance. 
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